A meshless local Petrov-Galerkin (MLPG) formulation is presented for bending problems of shear deformable shallow shells with orthotropic material properties. Shear deformation of shells described by the Reissner theory is considered. Analyses of shells under static and dynamic loads are given here. For transient elastodynamic case the Laplace-transform is used to eliminate the time dependence of the field variables. A weak formulation with a unit test function transforms the set of governing equations into local integral equations on local subdomains in the plane domain of the shell. Nodal points are randomly spread in that domain and each node is surrounded by a circular subdomain to which local integral equations are applied. The meshless approximation based on the moving least-squares (MLS) method is employed for the implementation. Unknown Laplace-transformed quantities are computed from the local boundary integral equations. The time-dependent values are obtained by the Stehfest's inversion technique.
Introduction
In recent years the demand for construction of huge and lightweight shell and spatial structures has been increasing. Previous research results show that the transverse shear effects are more significant for orthotropic shells than for isotropic ones due to a high ratio of in-plane Young's modulus to transverse shear modulus (Wang and Schweizerhof, 1996b) . Governing equations for thick orthotropic shells are quite complicated. Therefore, numerical methods are required to solve such analysis with complex loading and geometry. For the last three decades, some numerical methods such as finite difference method (FDM) and finite element method (FEM) have been successfully developed to solve the problems. Much effort has been devoted to deriving shell elements that account for out-of-plane shear deformation in thick shells that are free from locking problem in thin shell limit. In view of increasing reliance on the use of computer modelling to replace testing in the context of virtual testing, it is therefore imperative that alternative computer based methods are developed to allow for independent verification of the finite element solutions.
Boundary element method (BEM) has emerged as an alternative numerical method to solve plate and shell problems. Review article devoted to early applications of BEM to shells is given by Beskos (1991) . The first application of BEM to shells is given by Newton and Tottenham (1968) and Tottenham (1979) , where they presented a method based on the decomposition of the fourth-order governing equation into a set of the second-order ones. Antes (1981) derived a BEM formulation for circular spherical shells. Tosaka and Miyake (1983) developed a direct BEM formulation for shallow shells. Lu and Huang (1992) derived a direct BEM formulation for shallow shells involving shear deformation. For elastodynamic shell problems it is appropriate to use the weighted residual method with static fundamental solution as a test function (Zhang and Atluri, 1986; Providakis and Beskos, 1991) . Dirgantara and Aliabadi (1999) applied the domain-boundary element method for shear deformable shells under a static load. They used a test function corresponding to thick plate bending problem. Lin and Long (1996) used this method for geometrically non-linear analysis of shallow shells. All previous BEM applications are dealing with isotropic shallow shells. Only Wang and Schweizerhof (1996a,b) applied boundary integral equation method for moderately thick laminated orthotropic shallow shells. They used the static fundamental solution corresponding to a shear deformable orthotropic shell and applied it for study of free vibration of thick shallow shells. The fundamental solution for a thick orthotropic shell under a dynamic load is not available according to the best of author's knowledge.
Meshless approaches for problems of continuum mechanics have attracted much attention during the past decade (Belytschko et al., 1996; Atluri and Shen, 2002; Atluri, 2004) . In spite of the great success of the FEM and the BEM as accurate and effective numerical tools for the solution of boundary value problems with complex domains, there is still a growing interest in developing new advanced numerical methods. Elimination of shear locking in thin walled structures by standard FEM is difficult and techniques developed are not accurate. However, the FEM based on the mixed approximations with the reduced integration performs quite well. Meshless methods with continuous approximation of stresses are more convenient for such kind of structures (Donning and Liu, 1998) . In recent years, meshfree or meshless formulations are becoming to be popular due to their high adaptivity and low costs to prepare input data for numerical analyses. Many of meshless methods are derived from a weak-form formulation on global domain (Belytschko et al., 1996) or a set of local subdomains (Atluri et al., 2000 (Atluri et al., , 2003 Han and Atluri, 2004a,b; Mikhailov, 2002; Sellountos and Polyzos, 2003; Sellountos et al., 2005) . In the global formulation background cells are required for the integration of the weakform. It should be noticed that integration is performed only those background cells with a nonzero shape function. In methods based on local weak-form formulation no cells are required and therefore they are often referred to as truly meshless methods. If a simple form is chosen for the geometry of the subdomains, numerical integrations can be easily carried out over them. The meshless local Petrov-Galerkin (MLPG) method is a fundamental base for the derivation of many meshless formulations, since the trial and test functions can be chosen from different functional spaces. The method has been successfully applied also to plate problems (Sladek et al., 2002 (Sladek et al., , 2003 Long and Atluri, 2002; Soric et al., 2004) .
The first application of a meshless method to plate/shell problems was given by Krysl and Belytschko (1996a,b) , where they applied the element-free Galerkin method. The moving least-square (MLS) approximation yields C 1 continuity which satisfies the Kirchhoff hypotheses. The continuity of the MLS approximation is given by the minimum between the continuity of the basis functions and that of the weight function. So continuity can be tuned to a desired value. Their results showed excellent convergence, however, their formulation is not applicable to shear deformable plate/shell problems. Recently, Noguchi et al. (2000) used a mapping technique to transform the curved surface into flat two-dimensional space. Then, the element-free Galerkin method can be applied also to thick plates or shells including the shear deformation effects. The reproducing kernel particle method (RKPM) (Liu et al., 1995a) has been successfully applied for structural dynamic problems (Liu et al., 1995b) and also for large deformations of thin isotropic shells (Li et al., 2000) .
In the present paper, the authors have developed for the first time a meshless method based on the local Petrov-Galerkin weak-form to solve static and dynamic problems for orthotropic thick shallow shells. The Reissner theory reduces the original 3D thick shell problem to a 2D problem. Nodal points are randomly distributed over the plane domain of the considered shell. Each node is the center of a circle surrounding this node. Similar approach has been successfully applied to a thin Kirchhoff plate (Sladek et al., 2002 (Sladek et al., , 2003 and recently also to thick plates (Sladek et al., 2006a) . In this paper, the Laplace-transform technique is applied to the set of governing differential equations for elastodynamic Reissner shell bending theory. A unit test function is used in the local weak-form of the governing equations for transformed fields. Applying the Gauss divergence theorem to the weak-form, the local boundary-domain integral equations are derived. The numerical integration of the domain integrals arising from the inertial term and the initial values on a simple domain does not give rise to difficulties if the meshless approximation based on the moving least-squares (MLS) method is utilized. The quasi-static boundary value problems must be solved for several values of the Laplace-transform parameter selected for each considered time instant. The Stehfest's inversion method (Stehfest, 1970 ) is employed to obtain the time-dependent solution.
Local integral equations for shear deformable shells
Consider an elastic orthotropic shallow shell of constant thickness h and with its mid surface being described by x 3 = f(x 1 , x 2 ) in a domain X with the boundary contour C in the base plane x 1 -x 2 . The shell is subjected to a transient dynamic load q i (x, t). Using the Reissner's linear theory of shallow shells (Reissner, 1946) , the equilibrium equations may be written as 
where q is the mass density, w 3 represent the out-of-plane deflection, while u a and w a denote the in-plane displacements and the rotation in the x a -direction, respectively, M ab represent the bending moments, N ab are normal force stress, and Q a are the shear forces. Latin indices vary from 1 to 3 and Greek indices vary from 1 to 2. The dots indicate differentiations with respect to time t. The principal curvatures of the shell in x 1 and x 2 are denoted by k 11 and k 22 , respectively and k 12 = k 21 = 0. The bending moments M ab , the shear forces Q a and normal force stress N ab are expressed in terms of the rotations and the lateral displacement for an orthotropic shell as (Lukasiewicz, 1979) 
where no summation is assumed in Eq. (2) with respect to the indices a, b and the material parameters are given as
in which j = 5/6 in the Reissner where A * (x, x) is the amplitude of the corresponding physical quantities and x is the circular frequency of the oscillations. Governing equations for harmonic case are identical to Eqs. (3)- (5) if s = Àix and for vanishing initial conditions. Therefore, the harmonic case is not analysed separately in this paper. Instead of writing the global weak-form for the above governing equations, the MLPG methods construct the weak-form over local subdomains such as X s , which is a small region taken for each node inside the global domain (Atluri, 2004) . The local subdomains overlap each other and cover the whole global domain X (Fig. 1) . The local subdomains could be of any geometrical shape and size. In the current paper, the local subdomains are taken to be of circular shape. The local weak-form of the governing equations (3)- (5) are the Laplace-transforms of the normal bending moments and traction vector, and n a is the outward unit normal vector to the boundary. The local weak-forms (9)- (11) 
Then, the local weak-forms (9)-(11) are transformed into simple local boundary-domain integral equations
In the MLPG method the test and the trial functions are not necessarily from the same functional spaces. The trial function is chosen to be the moving least-squares (MLS) interpolation over a number of nodes randomly spread within the domain of influence, as described in more details in the next section.
Numerical solution
In general, a meshless method uses a local interpolation to represent the trial function with the values (or the fictitious values) of the unknown variable at some randomly located nodes. The moving least-squares (MLS) approximation (Lancaster and Salkauskas, 1981; Nayroles et al., 1992; Atluri, 2004) used in the present analysis may be considered as one of such schemes. Let us consider a sub-domain X x of the problem domain X in the neighbourhood of a point x for the definition of the MLS approximation of the trial function around x (Fig. 1) . To approximate the distribution of the Laplace-transform of the generalized displacements (rotations and deflection) in X x over a number of randomly located nodes {x a }, a = 1,2,. . . , n, the MLS approximant w h i ðx; sÞ of w i is defined by
where 
Usually quadratic monomials are sufficient in many boundary value problems and they have been applied in this paper. The coefficient vectorãðx; sÞ is determined by minimizing a weighted discrete L 2 -norm defined as
where v a (x) > 0 is the weight function associated with the node a and the square power is considered in the sense of scalar product. Recall that n is the number of nodes in X x for which the weight function v a (x) > 0 andŵ a ðsÞ are the fictitious nodal values, but not the nodal values of the unknown trial function w h ðx; sÞ in general. The stationarity of J in Eq. (20) 
The MLS approximation is well defined only when the matrix A in Eq. (21) is non-singular. A necessary condition to satisfy this requirement is that at least m weight functions are non-zero (i.e., n P m) for each sample point x 2 X and that the nodes in X x are not arranged in a special pattern such as on a straight line. 
where
Similarly, one can obtain the approximation for the in-plane displacements
In Eq. (23), / a (x) is usually referred to as the shape function of the MLS approximation corresponding to the nodal point x a . From Eqs. (22) and (24), it can be seen that / a (x) = 0 when v a (x) = 0. In practical applications, v a (x) is often chosen in such a way that it is non-zero within the support domain of the nodal point x a . The support domain of the nodal point x a is usually taken to be a circle of the radius r a centred at x a (see Fig. 1 ). The radius r a is an important parameter of the MLS approximation because it determines the range of the interaction (coupling) between the degrees of freedom defined at considered nodes.
A fourth-order spline-type weight function is applied in the present work
where d a = kx À x a k and r a is the radius of the circular support domain. The C 1 -continuity of the weight function is ensured over the entire domain, therefore the continuity condition of the bending moments and the shear forces is satisfied. The size of the support r a should be large enough to cover a sufficient number of nodes in the domain of definition to ensure the regularity of the matrix A. The value of n is determined by the number of nodes lying in the support domain with radius r a . The partial derivatives of the MLS shape functions are obtained as (Atluri, 2004 )
wherein A
À1
;k ¼ ðA À1 Þ ;k represents the derivative of the inverse of A with respect to x k , which is given by
The 
in which
Recall that the LIE (33)- (35) are considered on the sub-domains adjacent to the interior nodes x i as well as to the boundary nodes on C It should be noted here that there are neither Lagrange-multipliers nor penalty parameters introduced into the local weak-forms (6)- (8) because the essential boundary conditions on C i sw or C i su can be imposed directly by using the MLS approximations (23) and (25):
where wðx i ; sÞ and uðx i ; sÞ are the Laplace transforms of the generalized displacement vector prescribed on the boundary C i sw and C i su , respectively. The MLS approximation does not posses Kronecker delta property in the present form. If a singular weight function were introduced into the MLS approximation, the Kronecker delta property would be recovered (Chen and Wang, 2000) . In such a case instead of fictitious nodal values one would use the nodal values of the generalized displacement in the approximations (23) and (25) (37) has prescribed quantity and other ones are zero. For a clamped shell all three vector components (rotations and deflection) and two components of in-plane displacements are vanishing at the fixed edge and only Eqs. (36) and (37) The time-dependent values of the transformed quantities in the previous consideration can be obtained by an inverse transformation. There are many inversion methods available for the inverse Laplace-transformation. As the inverse Laplace-transformation is an ill-posed problem, small truncation errors can be greatly magnified in the inversion process and hence lead to poor numerical results. In the present analysis, the sophisticated Stehfest's algorithm (Stehfest, 1970) for the numerical inversion is used.
Numerical examples
Numerical results are presented for square shallow spherical shells under static and impact loads with the Heaviside-type time dependence. Simply supported and/or clamped circular and square shells are analysed. In all considered cases, the shells are subjected to a uniformly distributed load.
Clamped square shallow spherical shell
A shallow spherical shell with square contour and orthotropic material properties is analyzed here (Fig. 2) . The shell is subjected to a uniformly distributed static load. The following geometrical and material parameters are assumed: side length of the shell a = 0.254 m, thickness h = 0.0127 m, Young's moduli E 2 = 0.6895 · 10 10 N/m 2 , E 1 = 2E 2 , Poisson's ratios m 21 = 0.15, m 12 = 0.3 and mass density q = 7.166 · 10 3 kg m À3 . The used shear moduli correspond to Young's modulus E 2 , namely, G 12 = G 13 = G 23 = E 2 /2(1 + m 12 ).
In our numerical calculations, 441 nodes with a regular distribution were used for the approximation of the rotations and the deflection (Fig. 2a) . The radius of circular subdomain and support domain corresponding to node a are considered to be r For larger values of the ratio r a =r a loc the influence on the accuracy is vanishing. However, the CPU is increasing for larger r a =r a loc . The same number of nodes is used also for an irregular node distribution (Fig. 2b) , where nodes along x 2 -axis are varying zig-zag except mid strip of the shell. If h is a distance of two neighbouring nodes in the regular node distribution, in the irregular node distribution the distance along x 1 -coordinate is h ± h/4. For a better visibility each second node is imagined on Fig. 2 . The variation of the deflection with the x 1 -coordinate at x 2 = a/2 of the shell with a uniform thickness is presented in Fig. 3 for regular node distribution. Shell deflections are normalized to the central deflection of the corresponding plate (R = 1) with isotropic properties given above and E 1 = E 2 . For a uniformly distributed load q 0 = 300 psi (2.07 · 10 6 N m À2 ) we have w p 3 ða=2Þ ¼ 8:842 Â 10 À3 m. The numerical results are compared with the results obtained by the FEM-NASTRAN code with a very fine mesh of 400 quadrilateral eightnode shell elements for a quarter of the shell. Our numerical results are in a very good agreement with those obtained by the FEM for an orthotropic shell. Convergence of the method is tested in the previous paper for isotropic shells (Sladek et al., 2006b) . If FEM results are considered as a benchmark, then, the relative error of maximum deflection is 0.4% for R/a = 10 and regular node distribution. For the irregular node distribution the relative error is +7.6%. It is well known that accuracy for an irregular node distribution is lower than for a regular one. A research to improve the MLS approximation for irregular node distribution is required further. The maximum deflection for irregular node distribution is larger than for regular one. One can observe that the deflection value is reduced for an orthotropic shell if one of the Young's moduli is increased. Higher reduction of the relative deflections is confirmed for the shell of higher curvature (smaller radius R). The variation of the bending moment M 11 is presented in Fig. 4 . Here, the bending moments are normalized by the central bending moment value corresponding to an isotropic plate M p 11 ða=2Þ ¼ 3064 N m. The bending moment M 11 at the shell center is slightly increased for orthotropic shell, E 1 = 2E 2 with small curvature R/ a = 10, with respect to isotropic plate. The absolute values of the bending moments at the shell center as well as on the clamped side are slightly reduced for the shell with higher curvature. The present MLPG results are again compared with those obtained by the FEM-NASTRAN computer code. A good agreement for bending moments is achieved also here. It should be noted that CPU in the proposed method is higher than in the FEM. Recently, Chen et al. (2001) proposed a new stabilized nodal integration approach which significantly reduces CPU in techniques based on the MLS.
Next, a clamped orthotropic square shell under an impact load with Heaviside time variation is analyzed. The used geometrical and material parameters are the same as in the static case. The time variation of the central deflection of the shell with the curvature R/a = 10 is presented in Fig. 5 À3 m. For the FEM analysis we have used 400 quadrilateral eight-node shell elements with 1000 time increments. One can observe quite good agreement between both the MLPG and FEM results. The influence of the shell curvature on the time variation of central deflection is presented in Fig. 6 . For the deeper shell, the peak value of the deflection is reached at an earlier time instant than for the shallower shell. Similar to the static case, the maximum value of the deflection is lower for more curved shell. The time-variation of the central bending moment M 11 of the clamped square shallow spherical shell with the curvature R/a = 10 is presented in Fig. 7 . Small discrepancies of the present MLPG and FEM results are observed here mainly for larger instants. It can be caused by inaccuracy of the Laplace inversion technique. However, the periodicity of the deflection oscillations and the maximal values are almost the same for both the results. The influence of the shell curvatures on the time variation of the central bending moments M 11 is given in Fig. 8 . The same conclusion can be made for the bending moment as for the deflection.
Simply supported square shallow spherical shell
Now, the same square shallow shell as in the previous example with simply supported boundary conditions is analysed. Initially, the static uniform load is considered with clamped boundary conditions. The variations of the deflections along the x 1 -coordinate at x 2 = a/2 are presented in is observed for the static case. Irregular node distribution in the numerical analyses is applied in this case too. The same regular and irregular node distributions are used here as for the clamped shell. Accuracies of the central deflection are similar to those given for the clamped shell. Relative errors are 0,45% and 9,2% for regular and irregular node distributions, respectively. Variation of the bending moment M 11 along the x 1 -coordinate is presented in Fig. 10 . The bending moment is normalized by the plate bending moment value at the center of the plate, M p 11 ¼ 6400 Nm. Due to enhanced Young modulus E 1 = 2E 2 the bending moment M 11 is slightly increased for orthotropic shell with small curvature R/a = 10 relatively to isotropic shell. However, the curvature of the shell has an opposite tendency on the deflections and bending moments. The reduction of the bending moment for more curved shell in this case is higher than for clamped shell.
In the last numerical example, the impact load with a Heaviside time variation is considered. The time-variation of the central deflections of simply supported square shallow spherical shell with curvatures R/a = 10 is presented in Fig. 11 . A very good agreement of the present MLPG and FEM results is observed here. The influence of the shell curvature on the time variation of central deflection is presented in Fig. 12 . As in the case of clamped shell, one can observe higher frequency of the oscillations of deflections for the shell with higher curvature. Oppositely, the amplitude of the deflection is reduced for such a shell. A larger influence of the shell curvature on the amplitude of the deflection is observed here than in the case of clamped shell. The time-variation of the central bending moment M 11 of the shell with the curvature R/a = 10 is presented in Fig. 13 . One can observe a quite good agreement of MLPG and FEM results. The influence of the shell curvatures on the time variation of the central bending moments M 11 is given in Fig. 14. This influence is more significant for a simply supported shell than for clamped one. 
Conclusions
The following conclusions can be drawn from the present study:
1. A meshless local Petrov-Galerkin method is applied to orthotropic shallow shells under static and dynamic load. The behaviour of shells is described by the Reissner theory. 2. The Laplace-transform technique is applied to eliminate the time variable in the coupled governing differential equations of the Reissner theory. The use of the Laplace-transform in forced vibration analysis converts the dynamic problem to a set of quasi-static problems. 3. The analyzed domain is divided into small overlapping circular subdomains. A unit step function is used as the test function in the local weak-form. The derived local boundary-domain integral equations are nonsingular. The moving least-squares (MLS) scheme is adopted for approximating the physical quantities. 4. Main advantage of the proposed method is the simplicity and generality with respect to the BEM. Test function here is simpler than the fundamental solution for orthotropic shells. Therefore, the method seems to be promising to analyze problems, which cannot be solved by the conventional BEM due to unavailable fundamental solution. However, computational time in the proposed method is larger since the shape function is much more complicated in MLS approximation than in a classical polynomial approach. 5. Accuracy of results for regular node distribution is higher than for irregular one. Further research in this direction should be made. 6. The proposed method is expected to be further extended to nonlinear problems, where meshless approximations are more appropriate than conventional discretization approaches. 
